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QUANTUM ERGODICITY FOR EISENSTEIN FUNCTIONS
YANNICK BONTHONNEAU AND STEVE ZELDITCH
Re´sume´. A new proof is given of Quantum Ergodicity for Eisenstein Series for cusped hyperbolic
surfaces. This result is also extended to higher dimensional examples, with variable curvature.
Re´sume´
Ergodicite´ Quantique des Fonctions d’Eisenstein. On donne une nouvelle preuve de l’Er-
godicite´ Quantique des se´ries d’Eisenstein pour les surfaces de Riemann a` pointes. On e´tend aussi
ce re´sultat en plus grande dimension, en autorisant la courbure variable.
1. Introduction
The purpose of this note is to prove a quantum ergodicity theorem for Eisenstein series on
a rather general cusp manifold with ergodic geodesic flow. In the special case of finite area
hyperbolic surfaces with cusps, a similar quantum ergodicity theorem was proved in [Zel91]. In
this note, we give a new, simpler and more general proof of that result which generalizes to
any cusped manifolds with ergodic geodesic flow. In particular, the manifolds may have variable
negative curvature.
To state the result, we introduce some notation and terminology. A pd` 1q-dimensional cusp
manifold is a Riemannian manifold M which decomposes as a compact manifold M0 whose
boundaries are torii, and a finite number κ of topological half-cylinders Z1, . . . , Zκ, such that
the metric on these Zi’s is
(1) ds2 “
dy2 ` dθ2
y2
where y is the vertical coordinate, starting at ai ą 0, and θ is the horizontal coordinate, living in
R
d{Λi, where Λi is a unimodular lattice. On such a manifold, we can pick a global coordinate yM ,
that coincides with the vertical coordinate sufficiently high in the cusps, and is some constant in
M0.
For such a manifold, the spectrum of the Laplace-Beltrami operator ´∆ acting on L2pM,gq
decomposes into the pure spectrum part (λ0 “ 0 ă λ1 ď . . . ) possibly finite, possibly infinite,
and the absolutely continuous spectrum r1{4,`8q.
To each eigenvalue λ, we can associate an eigenfunction uλ (repeating eventual multiple
eigenvalues). For the continuous spectrum, we recall the existence of meromorphic families
[CdV81, Mu¨l86] of smooth, non-L2 eigenfunctions Eipsq that satisfy the following. For each
Research partially supported by NSF grant DMS-1541126.
1
2 YANNICK BONTHONNEAU AND STEVE ZELDITCH
i, Ei decomposes as
(2) Eipsq “ Iiy
s `Gipsq
where Ii is the characteristic function of Zi, and Gipsq is a function in L
2pMq whenever ℜs ą d{2.
We also require that for all s,
(3) p´∆´ spd´ sqqEipsq “ 0
Such a collection is unique, and they are called the Eisenstein functions. They do not have poles
on tℜs “ d{2u. We denote Epsq “ pE1psq, . . . , Eκpsqq. The scattering matrix is defined in the
following way. Let fps, yq be the square matrix whose i line is the zero Fourier coefficient in cusp
Zi, at a fixed height y ą ai, of E. Then
(4) fps, yq “ ysI ` φpsqy1´s
Then φpsq is the scattering matrix, and ϕpsq, its determinant, is the scattering determinant. When
ℜs “ d{2, φ is unitary, and |ϕ| “ 1.
The main result of this note is
Theorem 1.1. Let M be a cusp manifold whose geodesic flow is ergodic. Then, for all compactly
supported symbol σ, we have the following convergence, as hÑ 0.
hd
4pi
ż
R
ˇˇˇ
ˇ
B
OppσqE
ˆ
d
2
` i
λ
h
˙
, E
ˆ
d
2
` i
λ
h
˙F
`
ϕ1
ϕ
ˆ
d
2
` i
λ
h
˙ż
λS˚M
σ
ˇˇˇ
ˇ dλ
` hd`1
ÿ
λ
ˇˇˇ
ˇxOppσquλ, uλy ´
ż
hλS˚M
σ
ˇˇˇ
ˇÑ 0.
(5)
Observe that contrary to the usual result of Quantum Ergodicity, we do not obtain a variance,
but a mean absolute variation. In some sense, it is because the Eisenstein functions are not L2
that we only get this. The quantization Op that appears in the theorem, can be any reasonable
one, since we use compactly supported symbols. Especially convenient quantizations are the
hyperbolic pseudo-differential ones of [Zel86] that were used in [Zel91] and the quantization
defined in [Bon14].
To keep this article brief, we do not review the many constructions and definitions in [Zel91]
and [Bon14] but refer the reader to those articles for further background.
2. Overview of the proof
For convenience, we will use the calculus of Pseudo-differential operators of [Bon14]. In that
article, a quantization procedure Op was given, that enables one to quantize an appropriate class
of symbols. The class of symbols contains in particular the compactly supported functions of
px, ξq P T ˚M , the constants, and the functions of the energy fp|ξ|2q, with f P C8c pRq.
There are two parts of the proof. First, one has to prove the lemma
Lemma 2.1. The result of the theorem holds if the symbol σ has mean value zero in every energy
level t|ξ| “ constant u.
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As the symbol has mean value zero, and has compact support, the proof of this lemma is very
similar to the proof of the compact case [CdV85, Zel87]. The proof is given in detail in [Zel91]
for hyperbolic cusp surfaces and the proof is essentially the same for all cusp manifolds. Hence
we omit the proof.
Let us explain now why the lemma is useful. Let σ P C8c pT
˚Mq. Then, one can define
σpλq “
ż
|ξ|“λ
σdLλ
Also let εpσ, hq the quantity in the LHS of (5).
If the average of χ P C8c pMq is 1 over M , then σ and σ˜ : px, ξq ÞÑ χpxqσp|ξ|q have the same
average in each energy layer. Hence, to prove the theorem, separate σ into σ˜ and σ ´ σ˜. The
latter can be treated using the lemma. Then we find, using the triangular inequality
(6) lim sup
hÑ0
εpσ, hq “ lim sup
hÑ0
εpσ˜, hq.
Now, σ˜ has a very convenient structure, even more so if we pick carefully the base profile χ,
as we will see in the next section.
However, before we get to the next step, we recall some facts that will be very useful. Let Π˚y
be the projector on functions whose zero-Fourier mode vanishes for yM ą y. We start with the
famous Maass-Selberg relation ([Sar81, section 2], or [Bon15]):
(7)
ż
yMďy
ˇˇˇ
ˇE
ˆ
d
2
` it
˙ˇˇˇ
ˇ
2
“ 2κ log y ´
ϕ1
ϕ
` Tr
y2iλ{hφ˚ ´ y´2iλ{hφ
2iλ{h
`
ż
yMąy
|Π˚yE|
2.
We use the following Poisson formula [Mu¨l92]:
(8)
ϕ1
ϕ
ˆ
d
2
` it
˙
“ Qptq `
ÿ
ρ pole of ϕ
2ℜρ´ d
pℜρ´ d{2q2 ` pt´ ℑρq2
for some polynomial Q of power less or equal to 2td{2u. Notice all but a finite number of poles of
ϕ are on the left of tℜs ă d{2u. We need the Weyl upper bound [Mu¨l86]:
(9)
ż λ
´λ
ϕ1
ϕ
ˆ
d
2
` it
˙
dt “ Oph´d´1q.
Lastly, if σ in the appropriate class of symbols (see [Bon14]),
(10) TrΠ˚0 Oppσq “ h
´d´1
ż
T˚M
a`Oph´d| log h|q.
3. The case of non-zero mean-value.
Now, we concentrate on σ˜px, ξq “ χpxqσp|ξ|q. We can stop considering altogether the L2
eigenfunctions. Indeed, in their contribution to (5), we can replace σphλjq by σphλjq}uj}
2, and
we are back to the case σ “ 0. Also let λ0 be such that σ is supported for |ξ| ď λ0.
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Now, by the localization of eigenfunctions,B
Oppσ˜qE
ˆ
d
2
` i
λ
h
˙
, E
ˆ
d
2
` i
λ
h
˙F
“
ż
M
χ
ˇˇˇ
ˇE
ˆ
d
2
` i
λ
h
˙ˇˇˇ
ˇ
2
σ
ˆ
h2d2
4
` λ2
˙
`Ophq}E}2tχ‰0u
Call R1 the contribution of the remainder in the RHS to εpσ˜, hq. Let us first deal with the other
term. It will contribute in εpσ˜, hq by
hd
ż λ0
´λ0
ˇˇˇ
ˇσ
ˆ
h2d2
4
` λ2
˙ˇˇˇ
ˇˆ
ˇˇˇ
ˇˇż
M
χ
ˇˇˇ
ˇE
ˆ
d
2
` i
λ
h
˙ˇˇˇ
ˇ
2
`
ϕ1
ϕ
ˆ
d
2
` i
λ
h
˙ˇˇˇˇˇ dλ
Now, we choose the shape χ in the following way. We suppose that χ is constant in M0, and
that in the cusps, it writes as cνχ0pyνq, where χ0 P C
8
c pRq equals 1 close to zero, ν is a small
parameter and cν P R
` is a normalization constant. It is chosen so that χ has mean value 1, i.eş
M
χ “ volpMq. Writeż
M
χ
ˇˇˇ
ˇE
ˆ
d
2
` i
λ
h
˙ˇˇˇ
ˇ
2
“ ´cν
ż
νχ10pyνq
"ż
yMďy
|E|2
*
dy.
For ν small enough, this is well defined, and we can use the Maass-Selberg formula (7):ż
M
χ
ˇˇˇ
ˇE
ˆ
d
2
` i
λ
h
˙ˇˇˇ
ˇ
2
“ ´cν
ż
νχ10pyνq
#
2κ log y ´
ϕ1
ϕ
` Tr
y2iλ{hφ˚ ´ y´2iλ{hφ
2iλ{h
+
dy
`
ż
M
p1´ χq |Π˚0E|
2
In the RHS, the third term is highly oscillating. Il will only contribute for Oph8q to the final
result, by non-stationary phase. The second will contribute by ´cνϕ
1{ϕ. The fourth is an integral
supported in the cusps. We are left to prove that
hd
ż λ0
´λ0
ˇˇˇ
ˇσ
ˆ
h2d2
4
` λ2
˙ˇˇˇ
ˇˆ
"ˇˇˇ
ˇ2κ
ż
cννχ
1
0pνyq. log ydy
ˇˇˇ
ˇ`
ˇˇˇ
ˇp1´ cνqϕ1ϕ
ˆ
d
2
` i
λ
h
˙ˇˇˇ
ˇ
*
dλ
` hd`1 Tr
 
Π˚0p1´ χq|σ|p´h
2∆q
(
.
goes to 0 with h. A direct computations shows this for the first term. Let us call the third term
R2. The second term gives
hd|1´ cν |
ż λ0
´λ0
hdσ
ˆ
h2d2
4
` λ2
˙ ˇˇˇ
ˇϕ1ϕ
ˆ
d
2
` i
λ
h
˙ˇˇˇ
ˇ
In the decomposition (8) the sum over the resonances is a function that is always negative for big
values of t, and the polynomial part is explicit, so we know thatż λ0
´λ0
ˇˇˇ
ˇϕ1ϕ
ˆ
d
2
` i
λ
h
˙ˇˇˇ
ˇ` ϕ1ϕ
ˆ
d
2
` i
λ
h
˙
dλ “ Oph´dq.
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Combining this with the Weyl bound (9), we arrive at
|1´ cν |
ż λ0
´λ0
hdσ
ˆ
h2d2
4
` λ2
˙ ˇˇˇ
ˇϕ1ϕ
ˆ
d
2
` i
λ
h
˙ˇˇˇ
ˇ “ |1´ cν |Op1q.
Now, we come back to R1 and R2. First, R1 can be bounded by some OphqTrOppσ
1q, with σ1
compactly supported (on a set slightly bigger than σ˜. Then, we can apply formula (10). For R2,
we can also apply the formula (10) (the symbol also is in the quantizable class). Hence, we find
that R1 and R2 contribute to the lim sup by
Op1q voltyM ě 1{νu.
At last, let us observe that when ν Ñ 0, the assumption that χ has mean value 1 implies that
cν Ñ 1. Actually, this can be made more precise, as 1 ´ cν “ Opvolty ą 1{νuq. We deduce that
for some constant C ą 0,
lim sup
hÑ0
εpσ˜, hq ď C volty ě 1{νu.
As this does not depend on ν, we can take ν Ñ 0, and this ends the proof.
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